It has been empirically observed in both experiments and particle-in-cell simulations that space-charge-dominated beams suffer strong growth in statistical phasespace area (degraded quality) and particle losses in alternating gradient quadrupole transport channels when the undepressed phase advance σ 0 increases beyond about 85 • per lattice period. Although this criterion has been used extensively in practical designs of strong focusing intense beam transport lattices, the origin of the limit has not been understood. We propose a mechanism for the transport limit resulting from this process. Extensive self-consistent particle in cell simulations are employed to better quantify space-charge limit and verify core-particle model predictions.
Introduction
The maximum transportable current density of an ion beam with high spacecharge intensity propagating in a periodic focusing lattice is a problem of practical importance [1, 2] . Accelerator applications such as Heavy Ion Fusion (HIF), High Energy Density Physics (HEDP), and transmutation of nuclear waste demand a large flux of particles on target. A limit to the maximum current density can result from a variety of factors: instability of low-order moments of the beam describing the centroid and envelope, instability of higher order collective modes internal to the beam, growth in statistical phase-space area (rms emittance growth), excessive halo generation, and species contamination associated with issues such as the electron cloud problem. Simulations were first used to analyze the maximum current density transportable in quadrupole channels [3, 4] and provided guidance beyond initial heuristic estimates [5] . Experiments later obtained results consistent with simulations [1, 2] .
The present work describes a promising new approach toward predicting the maximum transportable current density in a periodic quadrupole lattice due to intrinsic space-charge limits [6] . Previous studies to predict space-charge [8, 7] , such models are overly optimistic when compared to simulations and experiments which observe degraded transport due to emittance growth and particle losses where the moment models predict stability [1, 2, 3, 4] .
On the other hand, higher-order collective mode theories based on the equilibrium KV distribution [10] predict broad parametric regions of instability where stability is observed in simulations with more realistic distributions [3, 4] and in experiment [1, 2] . The space-charge limit model proposed is based on particles oscillating outside, but near the beam edge exchanging energy with the oscillating space-charge field of a envelope matched beam core leading to increased particle oscillation amplitude, emittance blow up, and particle losses.
This model can be applied to a wide range of matched core distributions and does not require an equilibrium core -which circumvents the practical problem of no smooth core equilibrium distribution being known. The increased understanding the origin of the observed limits obtained promises more reliable design of optimal intense beam transport channels.
We denote the phase advance of particles oscillating in a periodic focusing lattice in the presence and absence of beam space-charge by σ and σ 0 (both measured in degrees per lattice period) [7, 8] . The undepressed phase-advance σ 0 provides a measure of the strength of the linear applied focusing forces of the lattice that is relatively insensitive to the details of the lattice. σ 0 is generally made as large as beam stability will allow -because stronger focusing results in smaller beam cross-sectional area leading to smaller, more economical accelerator structures. σ can be unambiguously defined by an rms equivalent, matched KV equilibrium beam [7, 8] where all particles internal to the beam have the same phase advance. The ratio σ/σ 0 is a normalized measure of relative space-charge strength with σ/σ 0 → 1 corresponding to a warm beam with zero space-charge forces and σ/σ 0 → 0 corresponding to a cold beam with maximum space-charge forces. The maximum possible current density for a specified beam line-charge density will occur when σ/σ 0 is as small as possible.
Neglecting image charge effects, single particle and beam centroid oscillations are stable if σ 0 < 180
• [8] . The parameter space σ 0 ∈ (0, 180 • ) and σ/σ 0 ∈ (0, 1) can be regarded as potential machine operating points. Envelope models predict well understood bands of strong parametric instability when σ 0 > 90
• and σ/σ 0 < 1 [7] . The parameter region excluded by envelope instabilities for were experimentally studied by Tiefenback at LBNL [1, 2] . It was found empirically that transport was stable (i.e., statistical emittance growth and particle losses below measurement thresholds) when
The additional parameter region this criterion excludes for machine operation (partially overlapping the envelope band) is indicated (in red) on Fig. 1 . For high space-charge intensity with σ/σ 0 < 0.5, this limit is more important than the envelope instability band because it is encountered first when approaching from low σ 0 . The stability bound (1) has been applied by simply requiring that
• . It is observed that transport becomes more sensitive to errors near the boundary of stability. show logarithmic scale emittance growth and 1% and 10% threshold contours (dashed) are labeled separately. The extent of the envelope instability band and Tiefenback's stability threshold are indicated. Results for initial waterbag and thermal distributions are similar, but the transition to instability has more structure for the waterbag distribution. Strong growth regions in all cases are qualitatively consistent with Tiefenback's threshold. Emittance growth cannot be attributed to KV-like modes internal to the beam [10, 11] . Much of the emittance growth is associated with particles that evolve significantly outside the core (see Fig. 2b ) rendering any linear internal mode interpretation questionable. Also, many KV modes are strongly unstable (instabilities exist for σ/σ 0 < 0.3985 even in the continuous focusing limit) where no rms emittance growth is observed. KV modes generally predict wrong parametric variations of instability (thresholds bend the wrong way). Large internal modes also possess little free energy to drive statistical emittance growth [8] and therefore may not be dangerous if they saturate at small amplitudes. 
Here, s is the axial coordinate of a beam slice, primes denote derivatives with respect to s, and κ x (s) is the linear applied focusing function of the lattice (specific forms can be found in Ref. [7] ), and the electrostatic potential φ is related to the number density of beam particles n by the Poisson equation
⊥ φ = −qn/ǫ 0 in free-space. ǫ 0 is the permittivity of free space.
The core of the beam is centered on-axis (x = 0 = y), and is uniform density within an elliptical cross-section with edge radii r j (henceforth, j ranges over both x and y) that obey the KV envelope equations
Here, Q = qλ/(2πǫ 0 mγ
2 ) = const is the dimensionless perveance, (λ = qn(x = 0, y = 0)r x r y = const is the beam line-charge density), and ε j is the rms edge emittance along the j-plane. We take ε j ≡ ε = const. For a periodic focusing channel with lattice period L p , κ j (s + L p ) = κ j (s), the envelope is called matched when it has the periodicity of the lattice, i.e., r j (s + L p ) = r j (s). Undepressed particle phase advances are used to set the lattice focusing functions κ j using cos σ 0 = (1/2)Tr M where M is the x or y plane transfer map of a single particle (Q = 0) through one lattice period. We take the κ j to be piecewise constant with occupancy η ∈ (0, 1]. The matched beam envelope flutter varies only weakly with η but increases strongly with increasing σ 0 .
The depressed particle phase advance is calculated as σ = ε 
Here, η ∈ (0, 1] is the occupancy of the quadrupoles in the lattice andr x = (1/L p ) Lp 0 ds r x . Equation (4) shows that envelope flutter in a quadrupole channel depends strongly on σ 0 and weakly on η (the variation in r x | max /r x in η is ∼ 13%).
For a particle evolving both inside and outside the elliptical beam envelope, Eq. (2) can be expressed as
with an analogous equation for the y-plane. Here, F j are form factors satisfying and large matched envelope oscillations (large σ 0 ) provide a strong pump at the lattice frequency. Numerous harmonics of particle orbits near the core resonate with the lattice resulting in overlapping resonances that produce a strongly chaotic region that approaches the core. This chaotic sea allows particles near the core to rapidly evolve to large amplitudes. A new stability criterion is adopted to estimate where chaotic halo orbits near the beam core can degrade transport. When varying σ 0 and σ/σ 0 , we define the stability boundary to be the first point when approached from stable regions (low σ 0 ) where particle groups launched near the core (e.g., to further clarify the processes described. Further details of this work can be obtained on the arXiv e-print server [15] and in future publications.
